10. cviceni - resSeni

Poznéamka k racionalni funkci R u goniometrické substituce nize: ¢asto staci jen urcit podobu R a pak
ovéfovat rovnosti R(—u,v) = —R(u,v) apod. Kdyz plati tyhle rovnosti, tak plati i odpovidajici rovnici,
kdy za u volime sin z a za v volime cos z. Nicméné se teoreticky muZe stét, ze rovnost R(u,v) = —R(—u,v)
splnéna neni, ale R(sinx,cosx) = —R(—sinz, cosx). Zaroven mi pfijde vice polopatické/pochopitelnéjsi
ovéfovat pfimo vztah s témi goniometrickymi funkcemi.

Pf‘iklad 1 (a)
je definovéano pro = # km, k € Z. M4 smysl tedy integrovat jen na intervalech (k7, (k+ 1)),k € Z.

sinz

Jak prijit na vhodnou substituci: Integrujeme funkci —. Chceme pouZit postup z teorie, tedy
na tuto funkci chceme nahlizet jako na racionalni (polynom lomeno polynom) funkci o proménnych sin x
a cosz. Tj. chceme najit racionalni funkci R takovou, Ze R(sinz,cosz) = - —. Jaka racionalni funkce to
spliiuje? Tato: R(u,v) = % Nyni chci zjistit, ktery z pripadt v teorii je splnén - tj. podivam se postupné
na R(—sinz,cosz), R(sinx, —cosz) a R(—sinx, — cosx) a popfemyslim nad tim, jestli je splnén né&jaky
piiklad z rozboru v teorii.

Vyraz ‘ Cemu je roven ‘ Cemu chci, aby se to rovnalo ‘ Plati dany vztah?
. 1 1
R(—sinx,cosz) ‘ —a ‘ — ‘ ano

Poznamka k vypoctu nize: Dosli jsme k tomu, Ze chceme pouzit substituci y = cosx, dy =
—sinz dx. Potfebujeme v integralu tedy najit —sinz dx. BohuZel to tam neméme, takZe si to tam
musime vyrobit - zde tak, Ze vyraz pFenasobime jednickou =S22  Tim jsme vyrobili, co jsme potiebovali.
Dole nam vzniklo —sin?z a to potiebujeme vyjadiit pomom y. My ale umime substituovat jen cosx,
takze potiebujeme to —sin?z néjak pretvofit na néco, kde se objevuje jen kosinus a &isla. VyuZijeme
2

proto Pythagorovu vétu 1 = sin® x + cos® .

1 e e
/, dac:]y:cosm,dy:—sinxdx:/Sim;:dx:/Smxdx:
sin —sin® x —(1 —cos? )

1
:/y2—1dy

Parcidlni zlomky: g = Ay + 27 = 1=A4y+ A+By-B = A+B=0,A-B=1

1 o, 1 1 1 1 e 1 1
dy & —= dy+= [ — dy £ -1 1|+ =logly — 1
/y2_1 y 2/y+1 y+2/y_1 y=—5logly+1[+ S logly -1

1
= / log|cos:1c—1|—flog|cos:c+1]
sin

Piiklad 1 (b)

Ziejmé je vnitfek integralu definovan pro vSechna x € R.

Vybér substituce:

. s . 1oe £t . . - 1 . _ 1
Chei najit racionalnf fci R t.2. R(sinz,cosz) = oo To je fce R(u,v) = -
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Vyraz Cemu je roven | Cemu chci, aby se to rovnalo | Plati dany vztah?
R(—sinz,cosx) e _ ne
) (—sinz)¥4cost z sin? 24-cost x
. 1 1
R(Sln L, —Cos J)) sin* £+ (— cos x)4 sin® z+cost x ne
- 1 1
R(—sinx, — cos z) Csma)H(—cos o)t sin? z+cost = ano

Ovéreni vzorca pro substituci uvedeného v teorii:

2

9 sin”
tan“ xr = 3
cos?x
9 1
tan $+1:72
cos® T
c082x2¥
tanZz + 1
L9 9 1 _tan2$+1—1_ tan? x
sin“xd=1—cos“x=1— 3 = 5 = 5
tan‘z + 1 tan“x + 1 tan“x + 1
1 1 cos?x 1
/_zldx:y:tanx,dy: 5 x:/_4 s dr =
sin® ¢ + cos? x cos2 x sin®*x + costx cos’x

1 2 2 2

ks 1 (y"+1) /y +1
= dy = . dy = d
/( 2 \? 1 )2 Y /y2+1 e B R B

Y
y2+1 y2+1

Vyypocet:
Rozklad 3* + 1 pomoci finty z reciprokych rovnic.
Vizte: https://www2.karlin.mff.cuni.cz/~ portal /komplexni cisla.dp/?page=rovnice-reciproke

1
A ()

1 1
z:y—i—; — z2:y2+2—|—?

1
= y2+7222—2= (Z—\/ﬁ) (z+\/§)
Yy
1 1 1
= v 1=yt 5 =y (== v2) (:+2) =y<y+y—\/§>y<y+y+\fz> =
= (yQ—y\/§+1) (y2+yf2+1>
Trojéleny y? #+ yv/2 + 1 jiz nelze rozlozit (zaporny diskriminant).
Parcialni zlomky:

y? +1 B Ay+ B Cy+D
(v —yv2+1) (P +yv2+1)  (P+yv2+1) (P2 —yV2+1)
2+ 1= (Ay + B) <y2—y\f2+1)+(cy+D) (y2+yf2+1)
y? + 1= Ay® — Ay*V2 + Ay + By? — Byv2+ B + Oy + Cy*V2 + Cy + Dy* + Dyv2 + D

P +1=1>A+C)+1? (—Ax/§+B+Cf2+D)+y<A—B\/§+C+D\@)+B+D

Matematika 2, 2024 /25


https://www2.karlin.mff.cuni.cz/~portal/komplexni_cisla.dp/?page=rovnice-reciproke

Porovnanim koeficientt dostavame:

Po= 0=A4+C = —A=C = A=0
2 = 1=-AV2+B+CV2+D = 1=20V2+B+D = C=0

y = 0=A—BV2+C+DV2 22 0=V2(D-B) — B=D
1
' = 1=B+D = B=D=

Méame tedy: A=C=0,B=D =3

2
y +1 1in.1/ 1 1/ 1
dy = eyt | e dy=
/y4+1 YT a2 vz Y

S (S RV | (S
e e

5|

1
:/ + 2 dy+/ _v2\? dy =
ElEE

N N
:\f<y+>, dz:\@dy,u:ﬁ<y—\[> du= V2 dy| =
/ / " arctanz + = arct
= — arctan z + — arctanu =
V2 MRV H R V. V2
c 1 V2 V2
= — arct 2 — — arct 2ly—— | =
\@arcan\f(yqt 2>+ﬂarcan\f(y 5
1 2 1 2
< E arctan\/§ (tana: + \2f> + E arctan\@ (tanx — {) =
1 1
= ﬁ arctan (\@tanx + 1) + ﬁ arctan <\@tanx — 1>
Priklad 1 (c) [ szmxx dx
Podminky: sinz # 2 - plati vzdy.
Jak zvolit substituci:
Chci R(sinz,cosz) = ;fgfn‘”x. Tj. mame R(u,v) = 1”_3u.
Vyraz Cemu je roven Cemu chci, aby se to rovnalo | Plati dany vztah?
R(—sinz,cosx) % — lcfzfnxx ne
R(sinz, — cos z) (I_C;snxf - 1‘?:;3 ano

1 — i 2 1— 2
/ cos’ x dz = |y =sinz, dy = cosz dm\:/( i .:r)corsx dx:/ydy
2 —sinzx 2 —sinx
/ 2

3 1
Y dy_/y+2+Zdy:\ZZy—z,dZZd|”‘y2+2y+3/ dz =
_ y4

y— 2
¥

2

y? ¢ sin?x
+ 2y + 3log |z| = ?+2y+3log|y 2| =

+ 2sinz + 3log |sinz — 2|
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Priklad 1 (d) [ 51— dz

o o .. 1 . . v
VEimnéme si, Ze 5——— je definovéno vsude.

Jak prijit na substituci:

. 1 . _ 1
Chceme R(sinz,cosz) = 5—-—. Tj. R(u,v) = 5.
Vyraz Cemu je roven | Cemu chci, aby se to rovnalo | Plati dany vztah?
R(—sinz,cosx) L — ne
; 2—cosT 2—cosx
. 1 1
R(sinx, — cosx) 7 (Ccosa) T 9 cosw ne
. 1 1
R(— smx, — CoSs IL’) 2—(—cosz) 2—cosx ne

Nenastava ani jeden z prvnich t¥f pfipadi, musime proto volit subtituci y = tan §.

Oveéreni vzorcua pro subsituci:

t = tan =
= tan —
2
2T a2 T
o T SIn” g 90T sin® g .
tan 5= COSQ% = 14 tan 5—1 COSQ% 0082% (Pythagorova véta)
— cos’ = = !
2  1l+tan?3
1 1 1 1 2
dt = -fd:f(l t2)d:fl £2) dr — dt = d
0082% 2 . 2 +tan v 2( + ) o 1+¢2 .
sin 1 2t
51nx:sin<2§):2sm£cos£:2 200s2£:2tan— 57 =
2 2 2 cos 3 2 2 l+tan?§ 142
1 1
cosmzcos(Q%):coszg—sm2%:cosgz—(I—COSQ;>* 1+ ¢2 < _1—1-752> -

1 1+2 -1 112
1+t 142 1+¢2

Vypocdet:

1 x 2 1 2 1 2
/dx:’t:tandt:dx:/dt:/ dt =
_ ’ 2 1—¢2 2 24221442 2

2—cosx 2°'1+1t 2_1+t21+t Wl—l—t

14+t 2 2
:/ + dt:/(\/gdt:‘y:\/gt,dy:\/gdt‘:

14+3t21+1¢2 )2 +1
lin. 2 1 c 2 c 2 c 2 xT
= — ———— dy = —= arctany = — arctan (\/gt) = —— arctan (\/gtanf)
V3 / RS ROV R AV 3 2
v 1
Priklad 1 (e) [ TrsinZa
Vybér substituce:
Chei: R(sinx,cosz) = 1+Siln2m. Tj. R(u,v) = ﬁ
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Vyraz Cemu je roven | Cemu chci, aby se to rovnalo | Plati dany vztah?
R(—sinx,cosz) — S— ne
) 1+(sin z)? 1+sin® x
: 1 1
R(sinz, — cosx) s s ne
—§j _ 1 1
R(—sinz, —cosx) T en?s ano

Volme tedy substituci ¢ = tan z.

1 1 1 1 t?+1 1
/.de:t:tanx,dx:dt—/ dt:/ +
1 +sin®x 1+1t2 1+1+t2 1442 T+2+821+1¢2
1

dt_/

dt—’y—t\[ dy =

f/1+2y_

C 1 C 1 I 1
= arctany = ——= arctan \/ﬁt = —— arctan (\/ﬁtan x)
V3 ey = s ( )=

Piiklad 1 (f) [

Podminky: cosz #0Asinz #0 = z # k3, k € Z.

Vybér substituce:
Chci: R(sinz,cosz) =

Tj. R(u,v) = viﬁ.

cos - Sll’l z’

Vyraz ‘ Cemu je roven ‘ Cemu chci, aby se to rovnalo ‘ Plati dany vztah?

1 1

—_— ——3 ano
cosz-(—sinz)3 ‘ cos z-sin> x ‘

R(—sinx,cos z) ‘

1 e
/_3 dz = |t = cosz, dt——sinal:dgv—/smx4 dz =

COSXT -SIn- T —cosx -sin“x

_/ —sinx d _/ -1 dqt
) —cosz- (1 —cos?x)? v t-(1—1t2)2

Parcialni zlomky:
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-1 ~1 A B C D F
tt2—1)2  tt+1D2(t—-1)2 ¢t t+1 (t+1)2 -1 (t—1)2
—1=A{t* - 1)?+ Bt(t + 1)(t — 1) + Ct(t — 1)* + Dt(t — 1)(t + 1)*> + Et(t + 1)?

t=0 = —1=A4(-1)?2 = A=—
1

t=1= -1=F41 = E=—

t=—-1 = —1=C(-1)(-2)? = C=

>~ =

1 1
—1=—F-1)*+Bt(t+1)(t —1)* + i D2+ Dt(t —1)(t+1)2 - S+ 1)2
1 1 1
—1:—t4+2t2—1+Bt4+(B—i—4>t3—2Bt3—2<B+4)t2+Bt2+<B+4>t+Dt4+
1 3 3 1 2 2 1
+ (-7 -D)C+2DP+2(~;-D)EF+ D+ (—;-D)t
—1=t(-14+B+ D)+t (B+,-2B--D+2D )+

1 1 1 1
t?(2-2B—-2-+B—-2-—-2D+D t{B+-—--—-D) —
+ ( it 1 + >+ ( +171 )

Porovnanim koeficienti dostavame soustavu:

—J+B+D:0:$B+D:1:§2D:§:$B:§:D
—B+D=0 = B=D

1-B-D=0

B-D=0

IS

,D: aE:_

=
NI

Regenf soustavy je: A= —1,B = %,C =
1

/ —1 dt_/1+11+1 111 R S
t(1—1t2)2 t o 2t+1 4(t+1)2  2t—-1 4(t—-1)2

| it | log [1 11 it 1] 1 1 1 it 1] 1
= [substitu — + = + 1] - =-— 4+ = — —
substituce og og 1751 —|— log —|— 7

c lt+1—-(t—-1
= ()+210g](t+1)(t—1)\—10g|t|:

T A (t—-1)(t+1)

c 1 2 1 5 o\ c 1 1 —1

= ———+ - (log[t* = 1| = log [t*|) = ——5—= 1 =
17 1 T g (gl | —log [t°]) 2@ 1) 20g

< 1 o /1 —cos?z 1 o sin2:L‘_
~ 2(cos?x) — 1 & cos?x  2sin’z &V cos2z —

+ log | tan x|

||°

2S111 x

Piiklad 1 (g) [ {325 dz
Podminky: sinz # -1 = z # 37” + k2w, k € Z.
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Vybér substituce:
Chci: R(sinz,cosz) = 225 Tj. R(u,v) = =

l1+sinx” 1+u”

Vyraz Cemu je roven Cemu chci, aby se to rovnalo | Plati dany vztah?
R(—sinz, cos ) —sinz _% ne
R(sinz, — cos z) 1_Ss-1;§x - 1i;§x ne

R(—sinz, —cosx) 1-;1;9; 11?11?3: ne

. 2t

2 2 4t 142
/Sm,ﬂvd:U:t:tan‘T,dac:dt:/“‘tz2 dt:/ . + dt =
1+sinz 2 1+¢2 14+ 2 1+¢2 (14+1t2)2 1+2+2t

1+t2
4t
- dt
/ (t2+1)(t+1)2

Parcialni zlomky:

4t At+ B c D
ErDE+12 241 tr1 T @r1?
dt=(At+B)(E+2t+ 1)+ Ct+ )(t*+1) + D +1)
t=-1 = —4=2D — D=-2
4t = AP +2At> + At + Bt? + 2Bt + B+ Ct? + Ct + Ct* + C — 2t* + —2

Porovnanim koeficienti dostavame soustavu:

0=A+C = C=-A == C=0

0=24+B+C—-2 == 2=A+B =— B=2—-A == B=2
4=A+2B+C =% 4=2+B+C

0=B+C—-2 = 2=B—A == 2=2-24 = A=0

41 i [ 2 —2
dt ' dt+ [ s dt=|y=t+1, dy= dt| =
/(t2+1)(t+1)2 /t2+1 +/(t+1)2 ly=t+1 dy= di

1 1
:Qarctant—2/2 dy = 2arctant + 2- =
Y Y

< 2arct t+21 < 2arct (t ‘r)+2 ! < 9% 4 2
— zarctan — = Zarctan an — —_— = 4 _ =
t+1 2 tan%—i—l 2 tan%+1
2
< +—
tan§+1

Piiklad 1 (h) [ 37802 g

2-sinz o definovano viude.

24-cosx

Vybér substituce:

Chci: R(sinz,cosz) = gjrgg;i Tj. R(u,v) = %
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Vyraz Cemu je roven | Cemu chci, aby se to rovnalo | Plati dany vztah?
R(—sinz, cos x) (osing) —2sinz ne
) 24-cosx 24-cosx
: _ 2—sinx _ 2—sinz
R(sinz, — cosx) T (= cosa) e ne
. . 2—(—sinzx) 2—sinz
R(=sinz,—cos2) | 51 {cosq) 2Tcosa ne

2osine 0 LT gpe 2 g [RTEE 2 g w2
2tcosz | T My T e YT 94 1=t2 ] 42 7 [ 2424142 ] g2

1+¢2 1+¢2
_/2t2—2t+2 1+¢2 2 _/2(2t2—2t+2) "
B 1+1¢2 243 14+t2 ) (2+1)(t2+3)

Parcialni zlomky:

42 — 4t + 4 At+B Ct+D

E+)@+3)  £+1  #13

42 — 4t +4 = (At + B)(t* + 3) + (Ct + D)(t* + 1)

A — At 4+ 4= At? + 3At + Bt> + 3B+ Ct3 + Ct + Dt + D

Porovnanim koeficientt dostavame:

0=A+C = C=-A = C=2
A=B+D == D=4

4 =3A+4C == 4=24 = A=—
4=3B+D =% 0=2B = B=0

42 — At + 4 lin —2t 2t +4
dt = | —— dt 2 qt=
/(t2+1)(t2+3) /t2+1 +/t2—|—3

=|ly=t"+1, dy=2tdt,z =t +3, dz = 2t dt| =

1 1 1 t 1
=—[-d ~dz+4 dt =
[y ] 2 [

, du =
-1 +1 +4 —— du=
og|y\ og|z] \/g/uz 1 U

VBB

2 +3 t
—log [t? + 1| + log |t*> + 3| + 4V/3 arctan u = log ——— o i + 4v/3 arctan %
o, tan?Z 43 tan £
=log —5=—— + 4V 3 arct
Ogtan2%+1+ V3 arctan 7

%s . sin® z
Prlklad 1 (1) f 1+4cos2 z+3sin?z
Vnitfek integralu je definovan vSude.

Vybér substituce:

Matematika 2, 2024 /25



3

Chci: R(sinz,cosz) = — S0 Tj. R(u,v) = 4

3

1+4 cos? z+3sin® x 1+4v2+3u? *
Vyraz ‘ Cemu je roven ‘ Cemu chci, aby se to rovnalo ‘ Plati dany vztah?
. (—sinz)3 sin® x
R(_ Sin T, Cos x) ‘ 144 cos? z+3(—sinz)2 " 144cosZ z+3sin’ ‘ ano
7 Pythagorovy véty plyne prvni rovnost nize.
103 .} 2
sin® x sin® x —(1—-1
/ — dx:/2dx:|tzcosx,dt:sinxdx|:/(2)dt:
1+ 4cos?x + 3sin®x 4+ cos®x 4+t

2 -1 t2—1+5-=5 _ in 1
/t2+4dt / Zra / @ 5/t2+4dt

5 1 t 1 5 1
:t—/th:'y:, dy:dt‘:t—-2/2dy:
1) (11 2 2 4 y2+1

COsT

=t §aurctan =t §arctanéicosnv §arctan
' y=r73 2~ 2

3 : 3sin? z+cos?
Pr.lkvlad. 1 (J) s ot 3cos? 1 dz o
Vnitfek integralu je ziejmé definovan vsude.

Vybér substituce:

i, : __ 3sin? z+cos?x : _ 3u40?
Chei: R(sinz, cosz) = 252052 T R(u,v) = Si5e-
Vidime, Ze je splnén vztah R(—sinx, —cosx) = R(sinx, cosz).

Proto volime substituci ¢ = tanz. Integrujeme tedy jen na intervalech (=5 + km, § + k7), k € Z.

NiZe prvni rovnost plyne z Pythagorovy véty.

dt =

2
/3sin2x+cos2acd /251n2:):—|—1 21i7t2+1 1

= | ———— de=|t=tanz, dv = —— dt| = .
sin? x + 3cos? x 1+ 2cos?z ‘ t2+1 ’ /1+21jt2 2 +1

dt

_/2t2+1+t2 1+t 1 _/ 32 +1
N 142 1+t24+2 241 ) (243)(t2+1)

Parcialni zlomky:

3t2+1 At+B Ct+D
E13)E+1)  £+3 241
3t2 + 1= (At + B)(#* + 1) + (Ct + D)(#* + 3)
3t° + 1= At + At + Bt* + B+ Ct3 + 3Ct + Dt* + 3D

Porovnanim koeficienti dostavame:

0=A+C

3=B+D == 3=B-1 = B=4

0=A+3C == 0=20 = C=0 = A=0
1=B+3D == 1=3+2D = 2D=-2 = D=1
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32+ 1 lin. 1 1 4 1
At =4 ——dt— | —— dt== | ———— dt — arctant =
/(t2+3)(t2+1) /t2+3 /t2+1 3/<t 2 aretan

)+
t 1 44/3 1 4+/3
=lu=—, du=— dt‘ :f/ 5 dy — arctant = \farctany—arctant:
V3 V3 3 )yl
c 4\/§ t c 4\/§ tanx c 4\/§ tanx
= arctan — — arctant = —— arctan —— — arctantanx = —— arctan —x
3 V3 3 /3 3 /3

Piiklad 3 (a) [ 198Z_ {z

z—zlogx

Podminky: x > 0,z # 0,2 # e.

1 1 1 1
/ngdx:/ Ogmdw:‘yzlog:ﬂ,dy:dx
x

z—zxlogx El—logm

Yy
= 7d =
1—y y

—141 in. —1 1
:/y—i_dylz/—ldy—l—/dy:|u:y—1,du:dy:—y—/du:
1—y y—1 U

< —y—log|u| = —y —log|y — 1] = —logz — log|logz — 1|

Piiklad 3 (b) [ is— do

€T 4% —2

Podminky: €2* + e —2 = (e —1)(e* +2) #0 = x # 0.
1 1 1
——do= | —5——dz=|y=¢€", dy=€e"dz| = | ———= d
/eQr+ex—2 /(em)2+em2 I Y | /y(y2+y—2) ’
Parcialni zlomky:

1 1 A B c

S — 4
vy +y—2) yy+2)y-1 vy y+2 y-1
1=A(y’+y—2)+Byly—1)+ Cyly +2)

1

y=0 =1=-24 = A:—§

1
y=-2 =1=-2B(-2-1) = 1=68B = B:6

1
y=1=1=30 = C=

1 in. 1 [1 1 1 1 1
Ay Ay ——dy+ = | —— dy =
/y(y2+y—2) Y 2/y Y% y+2 y+3/y—1 Y

1 1 1
= —gloglyl+ glogly + 2|+ S logly — 1| =
1
C

1 1 1 1 1
= —ilog(ex) + glog(ex +2)+ glog]e’C —1| = —5% + glog(ex +2)+ glog le® — 1]

Poznamka: symbolem log mame na mysli pfirozeny logaritmus.

Priklad 3 (c) [ % dz
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Podminky: = > 0.

[ @

1
dx = ‘y: Ve, dy = “r7i de

4

+1 3

Piiklad 3 (d) [ Y22 V2T gy,

Podminky: 2z 4+3 >0 = z > —3 a 2z + 3 — 2?

V2zx+3—z

3
= / 5 4y dy lin. / y
Yy+y y+1

1 4 4
—4/y2—y+1—dy£y3—2y + 4y —logly + 1| = 5Va® — 2/ + 43z — log |V + 1]

Vnitrek inte-

gralu je tedy definovan na [f%, 71) U(—1,3) U (0,00). M4 tedy smyl integral uvazovat na intervalech
(—=3,-1),(-1,3),(3,0).

27

V2zr+3+w ‘ y? -3 1 ‘ Y+
—— dx = |y = V2x + 3, =z, dy = ———= dx :/2-
V2zx+3—z Y 2 4 V2xr +3 y — Y-
2y +y? -3 /—y3—2y2—|—3y / —8y — 12
= | ————ydy = dy= | —y—44+ 5—"——d
/2y—y2+3y Y y2—2y—3 Y Y +y2—2y—3 Y
Parcialni zlomky:
—8y — 12 —8y—-12 A B

= = +
y?-2y-3 (y-3)y+1) y-3 y+1
—8y—12=A(y+1)+ B(y —3)

y=-1=8-12=-4B — B =1

y*=3

3

36
y:3:>_24_12:4A:A:_Z:_9
_8y lin. y2 / /

gy W2 g e Uy, -y =
/ e +y —2y—3 Y 2 Y dy+ y
c y2
:—5—4y—910g]y—3\+10g|y+1]:

2 3

e 2 4V +3—9log|VZr +3 -3 +log (V2 + 3 + 1)

2

Priklad 3 (e) [ ©5e" de
Podminky: e3* A1 = 3240 = 2 #0

/e

e3r —1

lin.

4z 4 e2x

de=|y=¢€", dy=ce dx|:/y3_1dy—

y+1
- d
y+/y3_1 Y

Parcialni zlomky:

34y _/y3—1+y+1
yP—1

dy =

y dy
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y+1 y+1 A By +C
-1 -2 +y+1) y—-1 324+y+1
y+1=A@W +y+1)+By+C)(y—1)

2
y=1—2=34 = A:g

2 2 2
y+1:§y2+§y+§+By2—By+C’y—C

2 2 2
1=y’ +B - -B e
Y+ y<3+ >+y<3 +C>+3

Porovnanim koeficientt dostavame:

0:§+32>3sz
2
l=--B+C
3 =+
2 1
l=--C = C=-—-1=-=
3 3

Mame tedy: A=2,B=-2,C=—

_I_
y+/%
y_

L2
T3
2 1 2 1
—y+3bmy—1—/icl—y+3bmy—ﬂ Jlogly? +y+1|=

2y+1
/y —|y—y+l_‘ u=1y*+y+1, du= 2y +1) dy’:

ée“”+310g|e -1 - log( et 1)

Priklad 3 (f) [ ;rorsmegmorsy 42
1 1 1 1
/ dxz’yZIng,dyde:/dyzuzlogyvduzdy:
xlog x - log(log ) ylog(y) Yy

:/ du = log |u| = log |log y| = log | log(log z)|

Priklad 3 (g) [ 2,/22 du

Vybér substituce: R (x, i—‘fg) = %, /ﬁ—f?, (R(u,v) = %)

Provedeme substituci ¢t = §+2 Vyjadreme nejdiive x v zavislosti na t.

2 32 42

t2:x+ — t(z-3)=2+2 = 2(t?-1)=2+3t? = z= i
x—3 2 -1

Zderivovanim ziskaného vztahu dostaneme vztah pro dz a dt:

6t(t2 — 1) — (3t2 +2)(2t 6% — 6t — 6t3 — 4t —10t

dp = =D =B +2)@) 4, dt = dt
(=17 @17 @17
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x+2 3t2 42 —10t
t= = do = —— dt
z-3 " T 1 T o)

_ / —10t? it
) (2 —1)(3t2 +2

Parcialni zlomky:

2 -1 —10t
= t- dt =
3t2 42 (12 —1)2

—10¢t2 —10t2 A B Ct+D
E_DBE+2) (—D)i+1)BE+2) =1 141 32+2
— 1062 = (At + A)(3t> + 2) + (Bt — B)(3t> + 2) + (Ct + D)(t* — 1)
t=1 = —10=24(3+2) = A=-1
t=—1 = —10=-10B = B=1
— 10t = 363 2t —3t* 24+ 3t3 4+ 2t — 3t ~ 2+ Ct* —~Ct + Dt* = D
— 10 =Ct* +(D—6)t>* ~Ct —4—D

Porovnanim koeficienti dostavame:

C =

~10=D-6 = D=4
0=-C

——4-D

Regenf soustavy: A=-1,B=1,C=0,D = —4.

—10¢t? | lin 1
— dt —— dt— — dt =
/(t2—1)(3t2+2 / +/t+1 /3t2+2

2v/2 3
—log|t — 1| +log|t + 1] — arctan t—
V3
T+ 2 T+ 2 2 3 Jx+2
—log|y/——= — 1| +1 — +1 - t =1/
og 3 + log _3+ \/garcan< 9 :c—3>

Posledni integraly jsme spocetli jako jiz mnohokrat dfive - substituci a apravou vyrazu...

Ptiklad 3 (h) [ ll:g/% dz

Vybér substituce:
Pievedeme nejdiive viechny odmocniny na mocniny té% odmocniny: /z = (/z)3, /x = (/x)?

R(z, /7) = 1Y (R(u,v) = 1=%)
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1
/\/F =[t=Ve+ 1, =Vo+ 1,8 =Vr+1Lz=t'-1 = da=6t"dt| =
I
1— t3 6t5 t—1 t2 t 1 6t7 6t6 6t5

1—1¢2 t+1)(t—1) t+1
6
:/6t6+6t4—6t3+6t2—6t+6—dt:
t+1
= -t —-t° — -t —t° — =t t—6loglt+ 1| =
7+5 4+3 2+6 6log |t + 1|
6 6
é?\6/(x+1)7+g\6/(a:+1)5 \/x—i—l +2¥(x+1)3 -3¢ (x+1)2+6Vz+1—
—6log(vVr+1 +1)
Pf’iklad3(l)fm dx
1 1 1
———dx=|y=logx, dy = — dx| =
/m(log?’az—l) Y 8 L Y3 —1
Parcialni zlomky:
I 1 A By+C

P-1 (y-D@2+y+1) y—-1 y24+y+1
1=Ay*+Ay+ A+ By> —By+Cy—C

Porovnanim koeficientti dostavame:

0=A+B
0=A-B+C
1=A-C
Regeni soustavy: A=1 B=-1C= -2
hn1 y+2 9
— - [ L gy =|u= 1, du=(2y +1) dy| =
/y3—1 / /y2_|_y_|_1 Yy |u y"+y+ 1, du <y+) y‘
1 2 4—-3+4+3 1 1 1 1 1
= 10g|yl|/y++dyzlog|y1|/du/dy:
3 v +y+1 3 6/ u 2 y+y+1
1 1 1 1 1 1
:310g‘y_1|_610g’u‘_2/123d Slog]y—ll—flog‘u]—— =
(y+3) +1

EEN

»MC»J

[lo

1 1 2 /3 +1
3log|?/—1|—6log|u\—3\/;arctan y\/gz =
4

£ 1log|y—1| —llog|y2+y+1| —Larctan (1 <y+1>> =
3 6 V3 V3 2

= 1log|loggc— 1] — }log]10g2x+logx+1| — ialrctzm (2 (logx—i-l))
3 6 V3 V3 2
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Piiklad 3 (j) [ /%5 do

Vybér substituce: R( ”xé) =, (R(u,v) =)

Odvodme z, dx.

Provedeme substituci: ¢ =

x+2
potl t3(x +2) 1 = z(t?—1)=-1-2> = 21
x+2 2 -1
—2t2 — 1 —4t(t? — 1) — (=2t — 1)2t —4t3 + At + 483 + 2t 6t
= = — dz= dt = dt = ———— dt
T e B (2 — 1) (2 —1)2 (2 —1)2

r—1
dx =
/\/az+2 o

Parcialni zlomky:

rx—1 6t
t=4y/—, do = 55— dt
z+2 (12 —1)2

62 6t A, B _C D
(t2—-1)2  (t—120t+1)2 t—1 (t—12 t+1 (t+1)2

6t = (At — A+ B)(#* + 2t + 1) + (Ct + C + D)(t* — 2t + 1)

~—

t=1=6=4B — B =

t=—-1 —=6=4D — D =

NN w

6t2
-

3 3
t2:At3+2At2+At—At2—2At—A+§t2+3t+§+Ct3—20t2+0t+0t2—20t+

3 3
C+t?—3t+ =
+C+ 5 +3

Porovnanim koeficientt dostavame:

0=A4+C = A=-C = A:g
3
6=A+3-C == 3=-20 = C=-3
0=—-A-C
0=—-A+3+C
Resenim soustavy je: A:%,B:%, :—%,D:%

62 lin. 3 1 3 1 3 1 3 1
s dt = [ ——dt+ s [ ———dt—s [ ——dt+ S [ ——
/(t2 )2 2/ 1 +2/(75—1)2 2/t+1 +2/(t+

. 3 3 1 3 1

R PV PR TR AL AW P TR SN N

gloglt =1l =g 7 —gleelt+ 1= 5

3 1 31 3 1 31

B i R e 21°g\/$+2““z
1 X —1
sl Rl

T =
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Priklad 3 (k) [1v2? — 2z da

Vybér substituce: R <$, vz — 21:) = %\/3:2 -2z, (R(u,v) = 7)

Plati, e 22 — 22 = 2(z — 2). Provedeme substituci t = \/g (dle napovédy z teorie k 10. cviceni).
2 2 —4t

x 2 2
t° = — tr -2 = = r=— — do=———
z—2 . . TR T2

1 T 4t t2 1 212 2 22 4t
— 2 — 2 frd — _— g —_ —_— —
/x”w v de ‘t Ve—2 = oy 212 \/ o U

B 2 Japt—a22—1) 4t B 1 1 B
‘/t<t2—1>\/ - 17 dt‘/t@z—l)?dt‘/ ST E T G

1 1
—log|t+1\+7+log|t—1\+7=

1
1/ ‘ ——— + log
Vs 1

Piiklad 3 (1) [

1

‘ri [R—
x—2 1

—log

T
-1
z—2 ‘+

1
PET R

Vybér substituce:
Opét pfevedeme na mocniny stejné odmocniny.

R(#, V%) = srayerym (B0) = grese)

1
de =t = ¥z, 63 = 2= =10 — dz =6t dt| =
/x(l—f—%/a?—l—%) T ’ , Vo, e =06

1 6
6t° dt = [ —————— dt
/ 6 (1 + 263 +¢2) / t(2t3 + 2 +1)

Polynom 2t3 + t2 4 1 m4 ziejmé kofen —1. Z toho plyne nasledujici.

6 6 A B Ct+D
2P R+1) T2 —t+1) o irl 2@ t11
6= (At + A)(2t> —t + 1)+ Bt(2t* —t + 1) + (Ct + D)(t* + 1)
t=0 =6=A4

t=-1 = 6=—4B —> B:—g
3 3
6:12t3—6t2+6t+12t2—6t+6—3t3—§t2+§t+0t3+0t2+Dt2+Dt

Porovnanim koeficientti dostavame:
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0=9+C = C=-9

15 15 3
= D=%9-"=D D="
0= 2+C+ 9 5 = 5
3
0=-S4D
5+
6=06
Reéeni:A:6,B:—%,C:—9,D:%
/ 6 dt“—“'6/1dt ; +/ U B
t3+12+1) t 2/ t+1 22 —t+1
=ly=2"—t+1, dy= (4t —1) dt| =
3 9 [4t—2-141
—6loglt| — Sloglt+1|— > [ =3 373 Q¢ =
Glog [t| = 5 log [£ + 1] 4/ %2t 41
3 9 (1 9 1 1
=6log|t| — zloglt+1|—- | - dy— == | —— dt =
og |t = 5 log [t + 1] 4/y 43/2t2—t+1
3 3 1
=6log|t| — =log|t+ 1| — -1 —— | —— dt =
ont] — glog e+ 11~ flo vl — ¢ [ 5
3 9 3 1
_6log|t|—2log|t+1|—4log|y]—/Wdt:
4 16
3 3 16 1
—6log|t| — -1 -1 _2.2 at =
= 6log|t| — 7 log|t + 1| — - logy| 7/ N\ t
(j +1
16
4 1 4
G (im3) a =
3 9 6 VT 1
—6log|t| — Slog|t + 1| — 21 AL D
6log |t| 3lo |t + 1] log |y| 3 arcta
= - - - = — rctan z =
g 5 log gloslvl =57
. 3 9 ) 3 At —1
=6log|t| — =log|t+ 1| — - log |2t —t+ 1| — —= arctan ——— =
glt] — 5 loglt + 1] — 7 log]| | e NG
o 3 9 3 497 — 1
=6log Vo — =log (Vx +1) — =log|2/x — Vx + 1| — arctan —————
g Vo —log (Ve +1) — Jlog|2V/e — Vo + 1| i 7
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